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Unsteady Thin Airfoil Theory for Transonic Flows with
Embedded Shocks

M. H. Williams*
Princeton University, Princeton, N.J.

A simple modification of classical unsteady thin airfoil theory is presented which accounts for the presence
and induced motion of the embedded partial chord shock waves which appear at supercritical transonic Mach
numbers. The basic model is found to be divergent at zero frequency because of an unbounded growth of the
shock excursion amplitude. This behavior is eliminated by introducing a term associated with the mean flow
Mach number gradient near the shock. Numerical results are given for the loads induced by an oscillating flap.

Introduction

CLASSICAL unsteady thin airfoil theory fails for low
frequencies at the subsonic freestream Mach number at

which local supersonic flow first occurs. The main cause of
this sudden failure is the formation of a shock wave, which
shields the forward region of the airfoil from aft generated
disturbances. In the present study,l a simple modification of
classical thin airfoil theory is given which accounts for the
presence and induced motion of such shocks. Predicted
airloads are shown to be in favorable agreement with both
experimental observations and finite difference calculations.

We assume that the unsteady flow is generated by in-
finitesimal harmonic oscillations of an airfoil which is suf-
ficiently thin and at sufficiently small mean angles of attack
that the transonic small disturbance approximation is valid.
The unsteady problem can then be linearized about the steady
flow, taking due account of the (small amplitude)
displacement of any embedded shocks. The linearized un-
steady problem has been formulated for an arbitrary three
dimensional planar lifting surface in an earlier paper.2

The linearized equations of motion depend through various
coefficients on the steady local Mach number M0 (jc), which in
general varies in some complicated way throughout the
flowfield. Unless the functional form of M0 is very simple,
the boundary value problem for the unsteady flow field must
be solved by purely numerical techniques. This has been
attempted using finite difference methods by Weatherill et
al.3 and Traci et al.4 However, neither of these studies
properly accounted for the interaction between the embedded
shocks and the unsteady disturbance field. (Of course, this
issue does not arise in nonlinear formulations of the unsteady
problem, in which the "interaction" is implicit; flow with
oscillating shocks has been successfully computed from the
nonlinear small disturbance equation by, for example,
Ballhaus and Goor jian.5)

An alternative to direct numerical methods is to ap-
proximate the steady Mach number distribution M0(x) in
such a way that analytical or semianalytical methods can be
applied. Classical theory, where M0 is set equal to the
freestream Mach number M^, is, of course, one example. The
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several versions of "local linearization"6'7 can also be placed
in this category. These methods are all based on the assump-
tion that M0 varies slowly and can be treated as locally
constant. As such, tliey are not directly applicable to the case
where M0 contains discontinuities, i.e., shocks.

In the present paper we take M0 to be a simple step
discontinuity, normal to the undisturbed flow, separating two
uniform regions. This is the simplest modification of the
classical theory which includes shocks. It can easily be
generalized along the lines of "local linearization" to admit
slow variations in the mean flow away from the shock.

Such a model serves several functions. First, in some cases
(which will be explained more fully later) it can be used to
predict unsteady aerodynamic loads on real configurations
with some accuracy. In this connection it is important that the
steady shock location and strength are free parameters in the
model and can be taken from experimental measurements.
This provides an automatic "correction" for wind tunnel wall
and airfoil boundary layer effects which are difficult to
predict theoretically. Second, the analytic solution for this
model problem provides a simple physical picture of the
essential interactions of the unsteady flow and the shock, a
picture which may be somewhat obscure in any purely
numerical solution. Finally, the mean flow assumed here is an
exact solution of the transonic small disturbance equation
(though, of course not one which would be generated by any
real airfoil), so that it can be used as a check case for finite
difference codes designed to solve the linearized unsteady
problem for more realistic mean flows.

Models of this type have been considered by Eckhaus,8

Coupry and Piazolli,9 and Landahl10 for airfoils in un-
bounded flows. The results obtained by these authors and the
experimental evidence available at the time were insufficient
for a critical evaluation of the model. Recently, Goldstein et
al. n applied the model to an infinite cascade of airfoils with
interblade shocks and obtained good qualitative agreement
with experimental observations of "choke flutter."

The formulation of the problem given here is applicable to
both unbounded and bounded flows, although quantitative
results have been obtained only for the unbounded case. Any
outer boundaries must be planes parallel to the undisturbed
flow (and therefore normal to the undisturbed shock).

The problems posed by Eckhaus and Goldstein et al.,
although in essential respects identical to the problem con-
sidered here, are derived from a linearization of Euler's
equations (about a simple normal shock) and are therefore
formally valid for arbitrary shock strengths. The present
work is restricted to weak shocks by assumptions of small
disturbance theory. In practice this involves no more than
neglecting the entropy and vorticity waves generated by the
distorted shock, which, in any case, have little effect on the
aerodynamic loads on the airfoil. n
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It is inherent in the model that no disturbance which is
generated downstream from the shock can propagate up-
stream into the supersonic region. (On real isolated airfoils
such signals may propagate either around the shock and back
into the supersonic region, or directly upstream through the
subsonic portion of the boundary layer.) Consequently, the
solution in the supersonic region is unaffected by the shock
and is given by classical linearized (supersonic) theory. This
solution (with the shock jump conditions) provides known
data along the subsonic side of the shock. Thus the problem is
reduced to solving an elliptic boundary value problem in the
subsonic region subject to given boundary conditions along
the airfoil and shock.

We shall show that the boundary value problem in the
subsonic region is reducible by the method of images to that
of an equivalent simple airfoil in a uniform subsonic stream.
The pressure and upwash on the equivalent airfoil are related
by the usual integral equation of subsonic oscillating airfoil
theory (Possio's equation in an unbounded flow). This in-
tegral equation is then solved for the surface load using
methods developed in Refs. 12-14. This procedure eliminates
much of the numerical labor required, for example, in the
formulations given in Refs. 9-11.

The behavior of the solution at low frequencies, where the
effect of the shock is greatest, is discussed in some detail. It is
shown that the simple version of the theory (with complete
uniformity of the mean flow away from the shock) fails at low
frequencies. Although the perturbation pressure away from
the shock does have a finite steady limit, the amplitude of the
induced shock motion grows without bound as the frequency
vanishes. This failure, which is clearly quite different from
the low frequency failure of classical theory at Mach 1, ap-
parently has not been recognized in the existing literature. The
shock motion can be stabilized at low frequencies by including
some nonuniformity in the mean flow away from the shock.
The total aerodynamic loads predicted with this modification
are found to be in excellent agreement with experimental
results at low frequencies.

Statement of the Problem
We give the principal results of Ref. 2, specialized to two-

dimensional flow, and reduce them to a form appropriate to
the present model. We consider a thin airfoil which, in the
steady state, generates a local Mach number distribution
M0(xfy), where the coordinates (xty) are measured in units
of the airfoil chord c from the leading edge in the stream wise
and normal directions. The steady flow is assumed to contain
a shock lying along X=XSQ (y) . For thin airfoils, then, M0 will
be uniformly close to unity and the embedded shock will be
weak and almost normal to the #-axis. We seek the unsteady
disturbance field generated by infinitesimal harmonic
deformations of the airfoil chord, described by
y=Re[f(x)eikt], where time t is measured in the charac-
teristic transit time c/u^, k is the "reduced" frequency, and
the amplitude/is taken to be arbitrarily small.

Within the transonic small disturbance approximation,
vorticity generated by the shock is negligible and the velocity
may be derived from a potential everywhere in the flow. As
shown in Ref. 2, the unsteady part of the flow is defined by a
potential amplitude 07 (x,y) which satisfies the linear reduced
wave equation

(1)

(2)

where

<t>0 being the steady perturbation potential, 7 the ratio of
specific heats, and M^ the freestream Mach number. The
amplitude 07 satisfies the surface tangency constraint

<t>iy=(—+ik\f(x) on y=±0 (3)

and appropriate outer boundary conditions. In addition, <£7
must satisfy the compatibility constraint

d_
4?

at the undisturbed shock, where, for any quantity \l/>

(4)

and

<*o(y)

(5)

(6)

Given the solution <t>j of this boundary value problem, the
shock displacement is given by

the instantaneous shock position then being

x, (y,t) =XSQ (y) +Re [xs] (y)eikt ]

Finally the pressure field

(7)

(8)

(9)

is determined from the linearized Bernoulli equation by the
relation

cp=cPo(x,y)+Re[cpl(x,y)e*<}

(10)

where

cpo(x,y) = -2<l>0x, cpl(xty) = -

and H is a unit step function. Thus cpo is the steady pressure
coefficient and cp] is the first harmonic amplitude outside the
interval between the mean and instantaneous shock positions.
The final term in Eq. (10) represents the anharmonic pressure
induced by the shock motion. Since the anharmonic effect
occurs over a region of vanishing measure, the total integrated
loads of the airfoil are simply harmonic (to significant order):

dxg(x) [c, (x,±0,t) -cpn(x,±0) ]

(H)

where g (x) is any function which is single valued at XSQ.
Equations (1-11) are valid for any steady flow (consistent

with the assumptions of small disturbance theory). We now
suppose that M0 is a simple step discontinuity separating
uniform regions. Since for weak normal shocks the Rankine-
Hugoniot relations reduce to {M2

0} = 1, we may, without loss
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of generality, assume that,

x>x
(12)

so

where 0 is small. The "freestream" Mach number M^ may be
identified with either of these values within the level of ap-
proximation inherent in the small disturbance theory. For the
sake of definiteness we take

With this assumption for A/0, Eq. (1) reduces to

(13)

(14)

and the airfoil tangency condition [Eq. (3)] is unchanged. The
shock compatibility condition [Eq. (4)] becomes

(15)

These equations (together with the appropriate outer
boundary condition, and if xso<\, the Kutta condition)
completely determine </> y , from which we can evaluate the
shock displacement [Eq. (7)] and the pressure [Eq. (10)].

Because we have arbitrarily taken the reference state (oo) to
be that on the subsonic side of the shock, Eq. (14) is identical
in x>xso to the classical reduced wave equation of linearized
subsonic aerodynamics. On the supersonic side, x<xso, Eq.
(14) differs slightly in the coefficients of the unsteady terms
from the wave equation of linearized supersonic
aerodynamics. These differences, however, are smaller than
the formal accuracy of the transonic small disturbance
equation, from which Eq. (14) was derived, and therefore of
no significance. If the Euler equations had been linearized
about the same mean flow (as was done in Ref . 6 and Ref . 9)
this minor discrepancy would not have arisen, but the
compatibility condition connecting the solutions across the
shock would then be slightly more complicated than Eq. (15).

In any case, Eq. (14) is hyperbolic in x<xso, so that the
flow in this region is unaffected by the shock. The solution for
</>; in x<xso is given by conventional linearized supersonic
aerodynamics and is therefore known.

Integral Formulation on the Subsonic Side
We consider the solution in the subsonic region X>XSQ. It

will be convenient to transform this problem to coordinates
centered on the shock:

(16)

(17)

and to introduce a scaled potential

Further, we define the scaled frequency

and the shock boundary condition from Eq. (15)

tt-2ia\l/ = q(ri) on £ = 0 +

where

and q is given from the solution on the supersonic side:

(21)

(22)

(23)

Although the parameters a and o> are identical in the present
context, we will suppose for later convenience that they are in
fact different.

Finally, we will assume that any outer boundaries are
symmetric about y = 0, so that the boundary value problem
for \// is antisymmetric in y. It follows that ^(£ , ry) and q(-q)
are antisymmetric in T?, and therefore that the pressure must
vanish on the wake:

= 0 on r} = 0 £ > 7 (24)

(where we have included the Kutta condition).
This boundary-value problem can be reduced using the

method of images to the problem of an equivalent simple
airfoil, with semichord equal to the distance between the
shock and the trailing edge, oscillating in a uniform subsonic
stream. The details of this reduction will be found in Ref. 1.
The final result is an integral equation relating surface
pressure and upwash on the equivalent airfoil

(25)

The function P(£) defined by Eq. (25) is such that the
pressure on the actual airfoil downstream from the shock is
given by

on rj = (26)

The right hand side of Eq. (25) is the upwash which the
equivalent airfoil must have in order that Eq. (26) be true. It is
determined via Eqs. (28-35) below, by the upwash w ( £ ) on
the actual airfoil downstream from the shock, and by the
4'source" strength #(17) along the shock.

The function K in Eq. (25) is the kernel function for
uniform subsonic now at the Mach number M^ and reduced
frequency k (based on "equivalent" semichord). In an un-
bounded stream Kp is Possio's kernel.14

( • €
+ k/M(X dfexp[/.(A: + w) (%-t)]H^ (vt)

Joo
(27)

and the associated parameters

(18)

In terms of these quantities the problem on the subsonic
side becomes

(19)

(20)

with the surface tangency condition

on 77 =

where //<2> (x) = (- \)nH™ ( -x) is the mh order Hankel
function of the second kind. In general Kp is determined
purely by the outer boundary conditions of the problem.

The equivalent upwash f t ( £ ) can be decomposed into four
terms,

+A2 (28)

where W \ is determined by the upwash w ( £ ) in (0,1), W _ is
determined by the source strength q(rj), W1>2 are universal
functions independent of the airfoil's motion and A}>2 are
constant funetionals of the load P.
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For unbounded flows, these quantities are defined by,

^
J o

(29)

(30)

where the Green's function G is

where

A 7 = £ + 2co, \2=2a

and the constants ̂  are such that

(31)

(32)

(33)

(34)

On the whole Eqs. (25-35) remain valid if the flowfield is
bounded (symmetrically) by planes on which a homogeneous
condition is imposed which is invariant under reflection jc—>
—x. In particular, then, they are valid for rigid wall wind
tunnel flows and (by analogy) for unstaggered infinite
cascades with arbitrary constant interblade phase. The only
essential change required is in the definition Eq. (31) of the
shock Green's function G, in which the Hankel function must
be replaced by the Green's function of Helmholtz's equation
appropriate to the outer boundary conditions.

With the equivalent upwash ft defined as indicated, the
integral Eq. (25) together with the Kutta condition P(l) = 0
completely determines the load on the subsonic side of the
airfoil. Before discussing the solution of this problem,
however, we will outline the physical content of the
equivalency rule embodied by Eqs. (25-35).

Upwash
Equation (25) can best be understood if it is regarded as a

specification of the upwash w ( £ ) = W + (.£) on 0<£< 1 [cf.
Eq. (20)] on the actual airfoil downstream of the shock.

= w (direct) + w (reflected) + w (transmitted) (36)

Here

w(direct) = dtK.(t-S)P(t) (37)

is the upwash induced by primary, or direct, waves emitted
from the airfoil surface downstream of the shock (expressed

as a distribution of doublets along the airfoil);

(•0
w (reflected) = dtKp(t-£)P(t) -Al Wl -A2W2 (38)j — /

is the upwash induced by waves reflected from the shock back
down onto the surface [which, therefore appears to come
from image points behind the shock, Eq. (38) being a doublet
distribution along the image airfoil and wake]; and finally

w (transmitted) = -W_(%) (39)

is the upwash induced by waves generated in the supersonic
zone and refracted by the shock onto the airfoil surface.

Solution for Load P
As in classical subsonic oscillating aipfoil theory, the load

P(£) is not uniquely determined by Eq. (25). The solution is
determined uniquely by adding the Kutta condition P(l) = 0.
For prescribed * 'upwash," Q(£) is not completely prescribed,
but depends on the load P through the constants A1>2 [Eqs.
(34-35)] which are such that P( — 1) is also bounded. Equation
(35) is a ''Kutta condition" at the leading edge of the
equivalent airfoil.

The exact solution of this problem can be found
analytically, using a theory developed in Refs. 11-14. The
resulting equations are, however, somewhat lengthy and will
be omitted here. A detailed analysis is given in Ref. 1.

Classical Limits
The present model problem reduces to classical unsteady

thin airfoil theory in two limits: weak shocks at moderate to
high frequencies and arbitrary shock strengths at high
frequencies.

Setting 0 = 0 in Eqs. (14) and (15), we see that the present
model reduces to classical unsteady thin airfoil theory at
Mach 1. For weak shocks, ]3<1, and moderate frequencies,
k/02> 1, the loads predicted by the present theory will then
differ from those predicted by classical sonic theory by only
small amounts (except in thin layers near the shock and
trailing edge).

Similarly, for arbitrary 0 and large frequencies, k>l, the
present model reduces to piston theory, to leading order. Of
course, this is true of any mean flow, not just the one assumed
here.

In practice, therefore, the domain of interest is for weak
shocks, f3< 1 (to which we are restricted by the assumptions of
small disturbance theory), and low frequencies, k/&2 <1.
Within this parameter range the results of the present model
differ substantially from those of classical theory.

Low Frequency Behavior
We now examine the behavior of the induced load in the

steady limit, &-*0. The results obtained here demonstrate an
important property of the simple model: that the shock is
unstable to steady disturbance in the absence of mean flow
nonuniformity away from the shock.

The solution on the supersonic side of the shock is a regular
function of frequency and can be found quite simply from
Eqs. (14) and (3). We obtain

- -/' (x) +0(k)

= Q + ,0<*<;tso, for the surface pressure, and

(40)

on

(41)
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for the "source" strength along the shock.
The asymptotic solution on the subsonic side can be found

by a straightforward expansion of Eq. (25) for k-*Q.

) + 0 ( k ) (42)

where P(n) (£) is independent of frequency and
O(l/&tAr) . The steady limit is, using Eq. (41),

/'[*, n+(l-xsn)\t\]

which is independent of Mach number, in accord with the
Prandtl-Glauert rule. We note that this load is antisymmetric
in £ but discontinuous at £ = 0, with P <°> (0+) =/'
(jc5fl) = #(0 + ) required by the shock jump conditions.

The next order correction is defined by

(44)

where

f ( t )

and where

M*) = '

(45)

(46)

with 7,, =0.5772... (Euler's constant) and «/ a constant given
by

Kj=-

some mean flow variation must be included in the model. A
simple, though somewhat ad hoc, means of doing this will
now be discussed.

Modification for Mean Flow Nonuniformity
For an arbitrary mean flow Mach number distribution M0,

the field Eq. (1) and shock jump condition (4) can be written
in the expanded form

(49)

(50)

where

, b0=da0/dy (51)

In the simple theory we take M0 to be a pure step function, so
that cL0—a0=b0- 0. This leads to divergent shock oscillations
in the steady limit /:— 0, as shown in the preceeding section.

If M0 is almost, but not exactly, uniform on either side of
the shock, then a0, b0 and a0 will be small. We can in that
case replace Eq. (49) by

(M2
0-l)<t>lxx-<t>Iyy+2ikeMl<t>]x-k2M2

x<t>1=0 (52)

where

(53)

It will be noted that k2 in the last term in Eq. (49) has been
replaced by k2 in Eq. (52). This is valid because the term is
significant only when k ̂  1 > a0 , in which case k — ke.

Let us now drop the last term in Eq. (50) (proportional to
a0), so that,

(54)

where

- ru)=*N
This constant approaches 1 as 0 — 0.

We see, then, that the pressure on the airfoil away from the
shock has a finite steady limit, differing at low frequencies by
O(k) on the supersonic side and by O(l/?nk) on the subsonic
side. This solution can now be used to evaluate the shock
displacement

(48)

-ib0) (55)

which clearly diverges, like \/(k^ik), as A:—• 0 if we take a to be
proportional to k as in Eq. (15). It is easily shown, moreover,
that this implies a corresponding low frequency divergence of
the overall aerodynamic loads.

This behavior is analogous to the one-dimensional motion
induced by acoustic radiation incident on a normal shock in a
duct. An incident wave train of finite frequency will, for a
constant area duct, induce a finite displacement of the shock
(which is inversely proportional to frequency). A simple
incident wave (zero frequency) induces a finite shock velocity
and, therefore, an infinite shock displacement.

If, however, the duct is nonuniform (diverging, for
stability) the shock displacement will be finite for all incident
wave frequencies, including zero. In the present two-
dimensional problem, the analog of area change is
nonuniformity in the mean flow away from the shock. In
order to obtain a finite shock displacement at zero frequency

Equations (51) and (54) are formally identical to Eqs. (14)
and (15) under the substitution k-^ke, a^oe, M2

0-*\-
f32sgn(x-xso). If we regard 0, a0, and b0 as constant, the
equivalency with the simple theory is exact, i.e., the solution
of the modified problem is given by the substitution k-~ke,
a— oe. In general one may let a0 assume different values in
x^xso, in which case one value of ke is used to find the
supersonic solution and shock "source" strength (7(17), the
other value to evaluate the solution on the subsonic side. We
note that this method is essentially Dowell's first ap-
proximation.6

Let us assume that a0~b0<$2. Then at any frequency
k>$2 the solution will be essentially unaffected by these
additional terms. On the other hand, when k~a0<f32 the
solution is essentially steady, given by Eqs. (40) and (43). We
conclude that the pressure distribution itself (away from the
shock) is little affected by the modification, regardless of the
frequency. The dominant effect of nonzero a0, b0 is to
stabilize the induced shock motion at low frequencies, as
computed from Eq. (7). This, in turn, has a large effect on the
behavior of the overall aerodynamic forces at low frequen-
cies, as will be discussed more fully below.

Numerical Results for an Oscillating Flap
The theoretical model described above will be applied to a

fixed airfoil with an oscillating trailing edge flap hinged at
x=xh, for which the lateral displacement of the chord line is
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given by

= -a(x-xh)H(x-xh) (56)

where His the unit step function and a is the amplitude of the
motion (a positive, tail down.) This motion includes, for
xh = 0, the case of a rigid airfoil pitching as a whole about its
leading edge.

The aerodynamic loads induced by an oscillating flap have
been extensively reported by Tijdeman and Schippers,15 for
an NACA 64A006 section with a quarter-chord flap,
xh =0.75. These experiments covered the Mach number range
0.5 -1.0 and reduced frequencies k <, 0.2.

To simplify the calculations, advantage was taken of the
low reduced frequencies and weak shocks present in the ex-
periment: all terms of O(k,/32) with respect to 1 were dropped
from the solution, leaving the single parameter A = £//32 only.
This approximation amounted to dropping the /r2</> ; term in
the reduced wave equation [Eq. (1)] and therefore, is
analogous to the (nonlinear) low frequency approximation
used by Ballhaus an Goorjian.5

Results will be given here for the case xh>xSQ9 when the
supersonic zone is disturbance free and the unsteady solution
is determined entirely by "direct" and reflected waves. The
pressure jump across the airfoil in this case is of the form

(0<x<xs)
(xs<x<l)

where Fis a universal function of its arguments

= (x-xso)/(l-xso), th =

(57)

(58)

the real parameters m, n being measures of the mean flow
nonuniformity.

In the limit £//32-> <*> this solution must approach the low
frequency form of classical sonic theory:

(x) - -2aH(x-xh -oo (59)

regardless of the shock location. The approximate solution
obtained here cannot, therefore, be used to evaluate the
relatively small corrections to classical sonic theory for k> 1 .

Now in any given comparison between this solution and
experiment we must clearly choose the parameters a, xh, k, ft,
xso, m and n. The first three are assigned their nominal
(reported) values. The shock position and strength, XSQ and 0,
are based on the experimental undisturbed (symmetric) flow
pressure distributions: xso is defined as the point of maximum
gradient within the shock; ]8 s VM ] - 1 , where Ml is the Mach
number corresponding to the minimum pressure immediately
upstream from the shock. There is, of course, some leeway in
selecting these parameters, and other choices could con-
ceivably be more advantageous. Criteria for choosing the last
two parameters, m and n are less clear and will be considered
shortly.

Table 1 gives the shock strength and position for the ex-
perimental conditions reported by Tijdeman and Schippers.
The shock first forms at the critical Mach number M-0.85
near the midchord of the airfoil. As the freestream Mach
number increases, the shock moves downstream, growing in
strength, until at M^ = 1 the shock stands at the trailing edge.
The shock stands upstream from the 3/4-chord point (the
hinge axis) for all freestream Mach numbers between the
critical and approximately 0.92.

We consider first the' total lift for the (experimental) free
stream Mach number, M- 0.875, for which xso = Q.55 and
/3 = 0.53. The real and imaginary parts of the lift as a function

Table 1 Undisturbed shock
parameters for NACA 64A006

airfoil15

M 0 *I
0.85
0.875
0.90
0.92
0.94
0.96
0.98
1.0

0.32
0.53
0.64
0.69
0,72
0.75
0.75
0.75

0.40
0.55
0.66
0.72

v.0.80
0.85
0.92
1.0

of reduced frequency are illustrated in Fig. 1 for two choices
of the parameters (m, n) . We note that the simple theory,
m = n = Q, is in reasonable agreement with .the experimental
results except at very low frequencies, where both the in-phase
and out-of-phase components diverge, owing to the
divergence of the shock displacement. The modified theory
with m = n = 0.21 , on the other hand, is in excellent agreement
with the experimental results over the entire frequency range
and becomes indistinguishable from the simple theory for

The values m = n = 0.21 were chosen so that the steady state
lift agrees exactly with the measured value. Other values, with
m^n, could also be found which satisfy this criterion.
However, it is apparent from Eq. (48) that the steady state
shock displacement, and therefore the total lift, depends on
these parameters roughly as l/(n^m). Thus, while neither n
nor m may vanish, variations of O(l) in the ratio m/n (with n
fixed) can have little influence on the results. In the following
comparisons we shall always take m = n.

Also shown in Fig. 1 is the total lift predicted by classical
thin airfoil theory (with M= 0.875). This is clearly in rather

LIFT

= .53, , X = . 7 5

-5

EXR, REF[l5], M=.875
— m = n=.2l

m = n = 0
— THIN AIRFOIL THEORY

0.25 0.5

Fig. 1 Unsteady lift at A/= 0.875.
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Fig. 2 Determination of nonuniformity parameter from steady lift.
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£ = .64, XSQ=.66, Xh=.75

• • • EXR, REF[l5J, M = .90
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C L / a
— —— m = n =.14

REAL

LIFT

= .69, XS Q=.72, Xh=.75

• •• EXR, REF [ l 5 J , M = .92

• m = n = 0

Fig. 4 Unsteady lift at M = 0.92.

•EXR, REF. [l5J,M = .
m=n=0

—— —— m=n = .2
y3=53 , xs =.55,Xh=.75

PITCHING MOMENT ABOUT 1/4 CHORD

-^ \ CM/a

REAL PART

.5

IMAGINARY PART

Fig. 3 Unsteady lift at M = 0.90. Fig. 5 Unsteady pitching moment at M— 0.875.



622 M. H. WILLIAMS AIAA JOURNAL

PITCHING MOMENT ABOUT 1/4 CHORD

-1.0 -

• •• EXP., REF [is], M = .90

——— m = n = 0
——— m = n = .14

£=.64, Xs = .66, Xh =.75

Fig. 6 Unsteady pitching moment at M= 0.90.
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Fig. 7 Unsteady pitching moment at M = 0.92.
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o o o o EXP,REF[l5], M = .875,k=0
———— m=n=.2l,xSo = .55,/3=.53,a = l.5°
————— CLASSICAL °THIN AIRFOIL THEORY, M = .875
————— CORRECTION FOR EXPERIMENTAL

MEAN SHOCK STRENGTH

Fig. 8 Steady pressure distribution at A/= 0.875.

poor agreement with the experimental results over the
frequency range shown. This poor agreement emphasizes the
essential role played by the shock in the production of lift at
low frequencies.

The method used to choose m (assuming that m = n) is
illustrated in Fig. 2. The theoretical steady state lift (suitably
normalized) is, according to Eq. (43), a universal function of
m and %H. This function is shown in Fig. 2. Given measured
values of steady lift curve slope and shock position and
strength, the corresponding value of m may be read directly
from the figure.

We note that the values of m obtained by this method do
correspond to reasonable mean flow nonuniformities. For the
case MO, = 0.875, for example, the value m = 0.21 corresponds
roughly to Mach number variations AM0~ 0.25, which is
about the difference between M^ an (M0) max for this flow.

Figures 1 and 2 also illustrate the sensitivity of the solution
to the choice of m. At high frequencies (k>rii) this parameter
has little effect (Fig. 1). At very low frequencies (k<m) the
result depends strongly on m when m is small and weakly
when it is large (Fig. 2). The parameter values used here are in
the intermediate range.

The unsteady lift predicted for the experimental freestream
Mach numbers M=0.90, 0.92 are shown in Figs. 3 and 4.
Both the simple theory (ra = /? = 0) and the modified theory
(with m = n taken from Fig. 2) are shown. It is apparent that
the modified theory results are in excellent agreement with
experiment with regard to both magnitude and phase.

The pitching moments about the quarter chord are shown in
Figs. 5 to 7. The agreement between theory and experiment is
reasonably good, though not as favorable as in the lift
comparison. It may be possible to improve the match by
choosing the ratio m/n (?U) so that the correct static
moment is obtained.

The predicted steady state lifting pressure distribution is
shown for the experimental case M=0.875 in Fig. 8. This
comparison illustrates several characteristic features of the
theoretical model. First it will be observed that the predicted
loads vanish identically upstream from the shock, since the
shock has been presumed to extend to infinity, while the
experimental results do show some upstream influence. This
discrepancy is inherent in the model and cannot be avoided.
However, the error involved is greatest in the steady state and
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Fig. 9 Unsteady pressure distribution at M= 0.875, & = 0.12; a) in
phase; b) out of phase.

at slightly supercritical Mach numbers. The upstream
disturbance levels are observed to decrease with increasing
frequency and freestream Mach number. Second, we note that
the theory overestimates the loads on the flap. This is
characteristic of inviscid theories and can reasonably be at-
tributed to viscous boundary layer effects near the trailing
edge.16 Finally, we observe that the peak load induced by the
shock motion is larger than that observed experimentally.
This discrepancy is attributable to the shock-boundary layer
interaction which causes the pressure rise through the shock to
be less than its full Rankine-Hugoniot value.16 The agreement
between the theory and experiment in this respect can be
improved somewhat by using the measured pressure rise
across the undisturbed shock to evaluate the peak load. The
corresponding correction is shown by the dashed line in Fig.
3.

It should be borne in mind that the pressure distribution
shown in Fig. 8 (and subsequent figures like it) is not in-
dependent of the amplitude a. The shock induced peak load
varies inversely with a and its width varies proportionately

1.0 x

——— BALLHAUS a GOORJIAN, MOO= .857, k = .!2
—---CLASSICAL
— ——£ = .53,Xs = .55,m = n = .2 l ,a= l °

10

-5

-10

0.5 i

-" 1
,———•n.o

-20

b)
Fig. 10 Unsteady pressure distribution at A/= 0.875, £ = 0.12
comparison with LTRAN2 calculations; a) in phase, b) out of phase.

with a. The curve shown in Fig. 8 is for a = 1.5 deg, the ex-
perimental value. At a. = 0.15 deg, the "impulsive" load
would be twice as high and half as wide. The portion of the
figure outside the shock excursion is independent of am-
plitude.

The pressure distribution predicted by classical thin airfoil
theory (for M= 0.875) is also shown, by the broken line, in
Fig. 8. The presence of the shock clearly has a substantial
influence on the load distribution, as expected.

Figures 9a and 9b show the predicted unsteady pressure
distribution for the experimental case M = 0.875, A: = 0.13 (30
Hz). The theory (with m = n = 0.2\) is in substantial
agreement with the experimental results, as in the steady case.
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The corresponding classical thin airfoil theory result is also
shown for the purposes of comparison.

In Figs. lOa and lOb comparison is made with calculations
performed by Ballhaus and Goorjian17 for the same airfoil
configuration, NACA 64A006 with quarter-chord flap. These
calculations were performed using the LTRAN 2 program
described in Ref. 5, for the condition M=0.875, A: = 0.12,
a = 1 deg. In this case the shock strength and position were
taken from the finite-difference-calculated steady symmetric
flow field, not from experiment. This calculated steady flow
field corresponds fairly well to the experimental results at the
higher Mach number 0.875 (presumably because of wind
tunnel wall and boundary layer effects on the shock in the
experiment). Therefore the pressure distribution predicted by
the present theory shown in these figures is identical to that of
Figs. 9a and 9b. It will be noted that the peak shock induced
loads are in close agreement here, since both theories are
inviscid. The present theory, however, considerably un-
derestimates the maximum in-phase shock excursion, for
reasons which are not altogether clear.
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